Extracting entanglement from identical particles by Killoran, N. et al.
ar
X
iv
:1
31
2.
43
11
v2
  [
qu
an
t-p
h]
  2
2 A
pr
 20
14
Extracting entanglement from identical particles
N. Killoran, M. Cramer, and M. B. Plenio
Institut fu¨r Theoretische Physik, Albert-Einstein-Allee 11, Universita¨t Ulm, D-89069 Ulm, Germany
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Identical particles and entanglement are both fundamental components of quantum mechanics.
However, when identical particles are condensed in a single spatial mode, the standard notions of
entanglement, based on clearly identifiable subsystems, break down. This has led many to conclude
that such systems have limited value for quantum information tasks, compared to distinguishable
particle systems. To the contrary, we show that any entanglement formally appearing amongst
the identical particles, including entanglement due purely to symmetrization, can be extracted
into an entangled state of independent modes, which can then be applied to any task. In fact, the
entanglement of the mode system is in one-to-one correspondence with the entanglement between the
inaccessible identical particles. This settles the long-standing debate about the resource capabilities
of such states, in particular spin-squeezed states of Bose-Einstein condensates, while also revealing a
new perspective on how and when entanglement is generated in passive optical networks. Our results
thus reveal new fundamental connections between entanglement, squeezing, and indistinguishability.
Identical particles are essentially axiomatic in quan-
tum mechanics [1]. Entanglement is another fundamen-
tal quantum concept, which serves, within the local op-
erations & classical communication (LOCC) paradigm,
as a valuable resource for quantum information tasks
[2]. However, the notion of entanglement for identical
particles is troublesome because one can have subsys-
tems which cannot be operationally distinguished. For
instance, what is a meaningful definition of entanglement
when identical particles occupy the same spatial mode?
How can we make sense of entanglement between subsys-
tems that are not operationally accessible?
Experimental progress in Bose-Einstein condensates
(BECs), related to multiparticle entanglement, has mag-
nified the existing debate [3–19]. In such experiments,
spin-squeezed states [20], useful in high-precision metrol-
ogy [21, 22], are generated. Taking individual particles as
subsystems, such states are highly entangled. In fact, due
to symmetrization, all correlated states of identical par-
ticles are strongly multiparticle entangled [23, 24]. But
since our access to the designated subsystems is funda-
mentally restricted by indistinguishability, what is the
use of this entanglement? Many authors share the view-
point that such entanglement is a mathematical artifact,
and not fully legitimate [3, 11, 16, 25–37]. Entangle-
ment that results purely from symmetrization has var-
iously been described as unphysical [31, 33], inaccessi-
ble [3, 27], and not a resource (in the standard quan-
tum information sense) [3, 11, 27, 30, 33–36]. One can
avoid this illusion by modifying the definition of entan-
gled states [11, 25–30, 32, 36], or by defining entangle-
ment relative to the subsystem structure of observables,
not states [31, 33, 34, 38–40]. While correlated states
of identical particles may indeed be useful for metrology
[41] [42], the notion of multiparticle entanglement in such
systems is seemingly flawed.
In this Letter, we re-examine systems of indistinguish-
able particles, resurrecting legitimate meaning for their
entanglement structure. Using intuition similar to [43],
entanglement should be given meaning only when it can
be extracted onto distinguishable registers via operations
which themselves do not contribute any entanglement.
Such entanglement can then be applied to standard quan-
tum information tasks. Remarkably, we show that this
extractable entanglement exactly corresponds with the
entanglement one would find within a naive multiparticle
description. Specifically, identical particle entanglement
can be transferred, with unit probability, onto indepen-
dent modes using elementary operations. Thus, sym-
metrization entanglement is a fundamental, ubiquitous,
and readily-extractable resource for standard quantum
information tasks. Our results demonstrate the useful-
ness of single-mode BECs for many tasks beyond metrol-
ogy, and reveal new insight on how and when entangle-
ment is generated in passive optical networks.
Suppose we have N identical particles in the same
spatial mode. We focus on BECs, because they are
the largest source of debate in the literature, but these
ideas also apply to other scenarios, such as photons with
polarization degrees of freedom (see [13] for a related
fermionic example). Let each particle have two inter-
nal states (for convenience, called “spin down/up”), so
that individual particles have a two-dimensional Hilbert
space H = span{|0〉 , |1〉}. Formally, we can describe the
state of the N -particle system within the Hilbert space
HN := H⊗N . Implicit here is a specific pseudo-labeling
of the particles: particle p is associated with the pth
Hilbert space in the decomposition. For identical parti-
cles, these pseudo-labels cannot be distinguished experi-
mentally and have ambiguous physical meaning.
Mathematically, however, this ‘first quantization’ basis
gives sufficient structure to consider entanglement. For
N > 1, we can imagine partitioning this space into dis-
joint subsystems containing fixed numbers of particles.
2In the decomposition HN = H⊗N , each particle is its
own subsystem. On the other extreme, we can consider
a bipartition, grouping the first NX particles into one
subsystem and the remaining NY into another, giving
HN = H⊗NX ⊗H⊗NY =: HX ⊗HY . Here we will focus
mainly on bipartite entanglement; extensions to multi-
partite scenarios are analogous (e.g., see Appendix). Al-
ternatively, we can use a ‘second quantization’ basis that
more accurately describes the accessible degrees of free-
dom. For N identical particles in modeA, the symmetric
states {|n,N − n〉} enumerate composite states that have
n spin-down and N − n spin-up particles. These can be
obtained by symmetrizing single-particle states:
|n,N − n〉
A
=
1√(
N
n
)S [|0〉1 . . . |0〉n |1〉n+1 . . . |1〉N ] ,
(1)
where S generates a sum over all unique permutations
with n spin-down particles out of N and
(
N
n
)
is the nor-
malization. These states form an orthonormal basis for
the symmetric subspace on which all physical states live.
The symmetric subspace can also be generated using
creation operators: aˆ†0 |k, l〉A =
√
k + 1 |k + 1, l〉
A
and
aˆ†1 |k, l〉A =
√
l + 1 |k, l + 1〉
A
.
Mode-splitting. In the typical setting, bipartite en-
tanglement is defined relative to two parties with inde-
pendent, accessible subsystems. In contrast, in the full
N -particle state space, the subsystems which appear to
be entangled are inherently inaccessible. Intuitively, we
might imagine getting at this entanglement by somehow
splitting the particles up into physically distinguishable
modes. For instance, we could let a BEC cloud spread
until it separates into distinct clusters, or we could use
a more tunable operation such as tunnelling into neigh-
bouring modes. The occupied output modes then provide
some physically accessible degrees of freedom, and we can
safely speak of entanglement between these modes.
But there are a few obvious concerns. First, we will
still not have any access to the particle pseudo-labels
that characterize the original state’s entanglement. If
we find that there is a single particle in output mode
C, we can use this information to distinguish this par-
ticle in future experiments. But relative to the original
pseudo-labelling, “the particle in mode C” remains some
symmetric superposition of all identical particles from
the initial state. So although one can consider mode en-
tanglement in the output state, how is this related to the
entanglement defined relative to the pseudo-labels? The
second issue is the mode-splitting process itself. Since
we start with one mode and end with more than one, we
have essentially performed a non-local operation. How do
we know that entanglement between the output modes
was not created by the splitting operation itself? Finally,
for massive particles, there is the issue of superselection
rules [43], whereby superpositions of local particle num-
bers cannot be measured. How might this affect the en-
tanglement we can extract?
To explore these issues, we consider the example of a
beamsplitter transformation from optics. For BECs, this
is equivalent to a tunnelling operation where particles
can leak from mode A into a neighbouring mode B via a
Hamiltonian of the form H ∼∑k=0,1(bˆ†kaˆk + aˆ†k bˆk). We
denote the modes post-tunnelling by C and D. Suppose
we initially have the 3-particle state |φin〉A = |2, 1〉A, a
symmetric state with 2 spin down and 1 spin up particles.
Because of symmetrization, this state is entangled in the
pseudo-label basis (for any non-trivial bipartition). We
then apply a splitting transformation aˆ†k → rcˆ†k+tdˆ†k (k =
0, 1); this operation, which is insensitive to the internal
degrees of freedom, transfers single particles from mode
A into C (D) with amplitude r (t). The other mode B
initially has no particles. The final state is
|φout〉CD = r3 |2, 1〉C |0, 0〉D
+
√
3r2t
1√
3
[
|2, 0〉
C
|0, 1〉
D
+
√
2 |1, 1〉
C
|1, 0〉
D
]
+
√
3rt2
1√
3
[
|0, 1〉
C
|2, 0〉
D
+
√
2 |1, 0〉
C
|1, 1〉
D
]
+t3 |0, 0〉
C
|2, 1〉
D
. (2)
We have ordered the output state with respect to dif-
ferent possibilities for local particle numbers. In the
first/last case (all particles in one mode), the output state
is the same as the input state, with no mode entangle-
ment. For the other cases, there is clearly entanglement
between the output modes. Even if we project onto fixed
local particle numbers to respect superselection rules [43],
we have, on average, non-zero entanglement in the out-
put state. This entanglement is now a valid resource
in the LOCC paradigm. Evidently, correlated single-
mode states have some many-body coherence properties
[37] that may lead to mode entanglement after split-
ting. In fact, we recognize a conceptual connection with
the widely-known notion from continuous-variable op-
tics ([44–47]) that beamsplitters transform non-classical
states (e.g., squeezed states) into mode entangled states.
But how does this output mode entanglement relate
to the input state’s apparent pseudo-label entanglement?
For concreteness, suppose we group particles 1 and 2 into
subsystemX and particle 3 into subsystem Y . To classify
the entanglement, we put |φin〉A into Schmidt form:
|2, 1〉
A
=
1√
3
( |0〉1 |0〉2 |1〉3 + |0〉1 |1〉2 |0〉3 + |1〉1 |0〉2 |0〉3 )
=
1√
3
(
[|0〉1 |0〉2] |1〉3 +
√
2
[
1√
2
S[|0〉1 |1〉2]
]
|0〉3
)
=
1√
3
(
|2, 0〉X |0, 1〉Y +
√
2 |1, 1〉X |1, 0〉Y
)
. (3)
In the last line we have rewritten the states within the
fictitious subsystems X and Y in second-quantized form.
3We now make the crucial observation that Eq. (3) is
algebraically equivalent to the mode-split state in Eq.
(2) for the case where (NC, ND) = (NX , NY ) = (2, 1), as
considered in this example. In fact, we can establish a
general equivalence.
Schmidt equivalence of particle and mode states. Take
any single-mode basis state |n,N − n〉
A
, and fix a bi-
partition into (NX , NY ) particles. Consider the same
state after it has been split by any transformation aˆ†k →
rcˆ†k + tdˆ
†
k, with k = 0, 1, and |t|2 + |r|2 = 1, followed
by projection onto local particle numbers (NC, ND). If
(NC, ND) = (NX , NY ) or (NY , NX), then the Schmidt
form of the input state (in the given particle bipartition)
is equivalent to the Schmidt form of the output state (in
the mode bipartition).
Proof: The Schmidt form of the final state, which we
denote by |n,N − n〉(NC,ND), can be straightforwardly
but laboriously obtained by writing the input state as
|n,N − n〉
A
= aˆ0
†naˆ1
†(N−n)√
n!(N−n)!
|0, 0〉
A
, transforming aˆ†k →
rcˆ†k + tdˆ
†
k, then projecting onto terms with fixed local
particle numbers (NC, ND), i.e., those with prefactor
∼ rNCtND ; see Appendix. Once normalized, this auto-
matically yields the Schmidt form: |n,N − n〉(NC,ND) =∑
λnC ,nD |unC 〉C |unD 〉D, where the local states of mode
K = C,D are second quantization basis states: |unK〉 =
|nK, NK − nK〉K, and the sum is over all valid (nC, nD)
such that nC + nD = n. The Schmidt coefficients are
calculated to be λnC,nD =
√(
NC
nC
)(
ND
nD
)
/
(
N
n
)
.
In first-quantization, we begin with Eq. (1). We sub-
divide this state into parts X,Y , where X contains the
pseudo-labels 1, . . . , NX and Y the rest (in fact, by sym-
metrization, the specific order will not matter). After
symmetrizing, we collect terms that have the same num-
ber nX of spin-down states within X ; Y will contain the
remaining nY = n − nX . For every pair (nX , nY ), both
parts have a symmetrized form:
|n,N − n〉
A
=
1√(
N
n
) ∑
nX+nY =n
[S |vnX 〉] [S |vnY 〉] , (4)
where |vnX 〉 = |0〉1 . . . |0〉nX |1〉nX+1 . . . |1〉NX and anal-
ogously for Y . Comparing to Eq. (1), we see
that S |vnZ 〉 =
√(
NZ
nZ
) |nZ , NZ − nZ〉Z for Z = X,Y .
Since the states |nZ , NZ − nZ〉Z are orthonormal, this
is the Schmidt form, with coefficients λnX ,nY =√(
NX
nX
)(
NY
nY
)
/
(
N
n
)
. Thus, if (NC, ND) = (NX , NY ) or
(NY , NX), then the particle Schmidt form and the mode
Schmidt form are in one-to-one correspondence. 
This equivalence has strong consequences. The single-
mode state |n,N − n〉
A
and its two-mode equivalents
|n,N − n〉(NC,ND) not only have the exact same entan-
glement structure, but the former states can be eas-
ily mapped to the latter. This holds as well for arbi-
trary superpositions |φ〉
A
=
∑
n φn |n,N − n〉A, since
the entanglement properties within any bipartition are
completely determined by the coefficients {φn} and the
Schmidt structure of the basis vectors. By linearity,
the algebraic correspondence also holds for mixed states.
Thus, by enacting the isomorphism |n,N − n〉
A
7→
|n,N − n〉(NC,ND) ∀ n, (with (NC, ND) = (NX , NY )),
we can map any single-mode state into its two-mode
version, where the entanglement structure is not only
preserved, but is readily accessible. To emphasize, al-
though we cannot individually access the identical parti-
cles, their overall state is, in fact, accessible, since it can
be mapped faithfully onto distinguishable mode subsys-
tems. We will call any protocol that achieves the isomor-
phism |n,N − n〉
A
7→ |n,N − n〉(NC,ND) ∀ n, ideal mode
splitting.
Mode splitting does not fit in the framework of LOCC,
and the process appears to ‘create’ entanglement (this is
a well-known property of beamsplitters). By the above
isomorphism, the structure and amount of mode entan-
glement, for fixed local particle numbers, is completely
determined from the input state. Thus, mode splitting is
a mechanism for faithfully transferring correlations from
inaccessible identical particles onto accessible modes. If
the splitting is sufficiently passive (we give formal condi-
tions below), all mode entanglement comes from the ini-
tial state, and no more entanglement can be generated
than what appears from the N -particle decomposition.
Finally, it is not a practical problem if a non-ideal mode
splitting creates extra entanglement (e.g., by having a
non-vacuum state in input mode B); such entanglement
is nevertheless a useful resource. However, we cannot
interpret such entanglement as coming solely from the
input state.
Probabilistic mode splitting and mode mixing. Along
with tunnelling/beam-splitting, what other operations
achieve the desired isomorphism? Besides the basic abil-
ity to coherently map one mode into two, there are three
other important components. First, to put particle and
mode entanglement on the same footing (in terms of sub-
system size), and to exclude superpositions of different lo-
cal particle numbers from consideration, we must project
onto fixed particle numbers for each output mode. Sec-
ond, the operation should not introduce any extra par-
ticles. Finally, the process should not (de-)excite the
particles, so that the total number of excitations will be
preserved. The reasoning for the latter two requirements
is similar: such operations could lead to entanglement
in the output mode when none is apparent in the input
partitioning. Consider the initial state |N, 0〉
A
, which
has no pseudo-label entanglement. If the output sys-
tem contains a spin-up particle (either externally added
or internally excited), then output states of the form
|M, 1〉(NC,ND) could appear, which are mode entangled
for all NC, ND 6= 0. Obviously this entanglement is not
representative of the initial state’s entanglement struc-
ture.
4These basic requirements are necessary and sufficient
to give the desired isomorphism — at least probabilisti-
cally — ensuring that the splitting itself does not con-
tribute any entanglement [48]. To show this, we consider
the slightly more general situation of mode mixing, from
the input spaceHin = span{|n,NAB − n〉(NA,NB)} to the
output space Hout = span{|n,NCD − n〉(NC,ND)}, where
the basis states encompass all combinations with fixed
global particle numbers NA + NB = NAB, NC + ND =
NCD. This extra generality will be useful for our de-
terministic mode-splitting protocol later. For particle
excitation, we use the operators Jˆ+
AB
:= aˆ0aˆ
†
1 + bˆ0bˆ
†
1
and Jˆ+
CD
:= cˆ0cˆ
†
1 + dˆ0dˆ
†
1. The conjugate operators
Jˆ−
KL
:= (Jˆ+
KL
)† model de-excitation. We denote the pa-
rameters (NA, NB;NC, ND) by the shorthand {N}.
Theorem 1: Necessary and sufficient conditions for
mode-mixing. Let M : Hin → Hout be a lin-
ear particle-preserving map, with NAB = NCD =
N . Then M has the effect M |n,N − n〉(NA,NB) =∑
NC+ND=N
C{N} |n,N − n〉(NC,ND) ∀ n, where each
C{N} ∈ C, if and only if M commutes with particle
excitation and de-excitation, in the sense that MJˆ±
AB
=
Jˆ±
CD
M .
Proof: If M commutes with Jˆ+, then, by di-
rect calculation, the matrix elements M
{N}
mn :=
〈m,N −m|(NC,ND)M |n,N − n〉(NA,NB) must satisfy
the recurrence relation
M
{N}
m+1,n+1 = M
{N}
m,n
√
(n+ 1)(N − n)
(m+ 1)(N −m) . (5)
As well, M will commute with the operator Jˆ−Jˆ+, which
leads toM
{N}
mn [n(N − n+ 1)−m(N −m+ 1)] = 0. The
bracketed term has roots m = n and m = N − n + 1.
Combining this with the recurrence relation, we conclude
that each submatrix M{N} is a multiple of the identity:
M{N}mn = C{N}δmn. (6)
The overall map has the form M =
∑
{N}M
{N},
where each M{N} satisfies Eq. (6), and the sum is over
all ways to split up the N particles in both the input and
output modes. Thus, M gives the desired isomorphism
with some probability amplitude C{N}. Conversely, it is
easy to check that any M with this final form commutes
with the (de-)excitation operator. 
The coefficients C{N} play the same role as the
beamsplitter-parameter combinations (r3,
√
3r2t, etc.)
in Eq. (2); with suitable normalization, |C{N}|2 is
the probability that states with initial particle num-
bers (NA, NB) are mapped to states with output num-
bers (NC, ND). Crucially, these coefficients depend on
the local particle counts, not on the states themselves.
Following such maps with local particle measurements
NˆC ⊗ NˆD, we can probabilistically realize the desired
isomorphism for any subsystem sizes. As foreshadowed
by the example, any unitary operation aˆ†k → rcˆ†k + tdˆ†k,
bˆ†k → −t∗cˆ†k + r∗dˆ†k, k = 0, 1, leads to probabilistic mode
mixing. In the multimode situation, this generalizes to
polarization-independent passive optical networks. The-
orem 1 can also be formulated on the N -particle state
space; see Appendix.
Extraction protocol. Here we outline how one can
extract identical-particle entanglement with unit prob-
ability using an asymptotic protocol. Take an ar-
bitrary N−particle state in mode A, |φin〉A =∑N
n=0 φn |n,N − n〉A, and a desired bipartition size
(NX , NY ). The protocol goes as follows: i) Apply any
non-trivial mode-mixing operation M ; ii) Measure local
particle numbers NˆC ⊗ NˆD. If (NC, ND) = (NX , NY )
or (NY , NX), then the output state is |φout〉CD =∑N
n=0 φn |n,N − n〉(NX ,NY ). Otherwise, repeat step i
with updated particle numbers (N ′
A
, N ′
B
) = (NC, ND).
For this protocol to work, we must show that at any it-
eration, with local particle counts (NA, NB), we have a
non- zero probability to reach the desired goal (NX , NY )
within a bounded number of steps. In fact, any
non-trivial beamsplitter has C1 = C(NA, NB;N, 0) =√(
N
NA
)
rNA(−t∗)NB 6= 0 and C2 = C(N, 0;NX , NY ) =√(
N
NX
)
rNX tNY 6= 0. Thus, with only two iterations,
we can guarantee an overall probability |C1C2|2 6= 0 of
achieving the desired isomorphism. Asymptotically, we
can faithfully extract any desired entangled state. We
emphasize that during the extraction protocol, interme-
diate states could have quantitatively more entanglement
than the final state. One should not interpret this as
meaning that the protocol does not extract all available
entanglement. Rather, we remember that the entangle-
ment content is relative to the choice of bipartition of
the intial state; for every choice, this protocol faithfully
extracts the corresponding entangled state.
Relation to Spin-squeezing. These results reveal
new operational meaning for single-mode spin-squeezed
states. Squeezing information can be used to bound the
expected mode entanglement, even without performing
the splitting. Using only a few simple collective spin
measurements [12], we can obtain the two-particle re-
duced state ρpq, which is the same for every pseudo-label
pair. We can then bound the output state’s entanglement
using any monogamous measure E :
E(ρC:D) ≥ E(ρC1:D) ≥
∑
j
E(ρC1:Dj ) = NDE(ρC1:D1),
(7)
where the first relation follows from tracing out all qubits
in C but C1, the second represents monogamy, and
the third is from symmetry; a similar inequality holds
for ND ↔ NC. For a broad class of spin-squeezed
states created by standard methods, there is a quantita-
5tive relationship between the spin-squeezing parameter
ξ2 < 1 and the concurrence [49] for any ρpq [50–53]. We
can leverage this to bound the tangle [54, 55] (general-
ized concurrence), a measure which quantifies the useful-
ness of a state for bipartite channel discrimination [56]:
τ(ρC:D) ≥ max{NC, ND}
[
1−ξ2
N−1
]2
. Thus, spin-squeezed
states, and the squeezing parameter ξ2, acquire new op-
erational meaning thanks to our results.
Conclusion. We have shown that identical-particle
entanglement can be easily and faithfully extracted and
used as a resource for standard quantum information
tasks. Practically, such entanglement is naturally occur-
ing and quite robust [57–59]. In optics, the idea to use
non-classical states and beamsplitters to create entangle-
ment has appeared many times. However, because the
second quantization formalism is dominant, and because
the particle superselection rules are not relevant for pho-
tons, the connection between entanglement in a discrete
identical particle basis and beam-splitter generated en-
tanglement was not previously uncovered. For massive
particles, it is perhaps more natural to begin with the
N -particle state space, but the notion of splitting and
mixing modes is not as prevalent. Our results illuminate
new connections between entanglement, squeezing, and
indistinguishability in both scenarios.
This work was supported by the Alexander von Hum-
boldt Foundation, the EU Integrating Project SIQS and
the EU STREP EQUAM. We acknowledge Ge´za To´th
for helpful discussions.
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Appendix 1: Algebraic form of multimode and
multiparticle states
In this section, we carry out the straightforward
but algebraically laborious calculation of the (general-
ized) Schmidt form of the state |n,N − n〉
A
after a
(multi-)mode splitting transformation. For simplicity, we
change the notation slightly from the main text: particles
with internal state i in mode K are associated with the
creation operator aˆ†iK. We also use here the same labels
A,B,C, . . . for both input and output modes, and fix a
total number of modes. Symbolically, we represent the
last mode in the list by Z, but this does not imply any
specific number of modes. The initial state is thus given
by
|n,N − n〉
A
=
aˆ†n0Aaˆ
†(N−n)
1A√
n!(N − n)! |vac〉 . (8)
An arbitrary linear transformation amongst the cre-
ation operators has the form aˆ†iK →
∑
jL αiK,jLaˆ
†
jL +
βiK,jLaˆjL, with αiK,jL, βiK,jL ∈ C for i, j ∈ {0, 1} and
K,L ∈ {A,B, . . .Z}. When the total number of particles
is preserved and the transformation is independent of the
internal state, we have the simplifications βiK,jL = 0 and
αiK,jL = αKLδij . Applying such a transformation to the
state (8) gives
|φout〉 =
(∑
K
αAKaˆ
†
0K
)n(∑
L
αALaˆ
†
1L
)N−n
√
n!(N − n)! |vac〉 ,
(9)
where the sums are over all output modes K/L =
A,B,C, . . . ,Z. From this expression, we carry out multi-
nomial expansions
(∑
K
αAKaˆ
†
0K
)n
=
∑
nA+···+nZ=n
n!
nA! · · ·nZ!
∏
K
(αAKaˆ
†
0K)
nK , (10)
(∑
L
αALaˆ
†
1L
)N−n
=
∑
mA+···+mZ=N−n
(N − n)!
mA! · · ·mZ!
∏
L
(αALaˆ
†
1L)
mL . (11)
Since (aˆ†0K)
nK(aˆ†1K)
mK |vac〉 = √nK!mK! |nK,mK〉K
for mode K, the output state |φout〉 becomes
∑
nA+···+nZ=n
mA+···+mZ=N−n
√
n!(N − n)!
nA! · · ·nZ!mA! · · ·mZ!
⊗
K
αnK+mK
AK
|nK,mK〉K . (12)
We now group terms where each mode K has
a fixed number of particles NK, i.e., |φout〉 =∑
NA,...,NZ
wNA,...,NZ |φout〉NA,...,NZ . These terms can be
identified by the condition nK + mK = NK. We sim-
plify the coefficients by multiplying with the unit term√
N !NA!···NZ!
N !NA!···NZ!
, which yields the normalized states
|φout〉NA,··· ,NZ =
∑
nA+···+nZ=n
√√√√(NAnA) . . . (NZnZ)(
N
n
) ⊗
K
|nK, NK − nK〉K (13)
with weights wNA,...,NZ =
√
N !
NA!···NZ!
∏
K
αNK
AK
. Since
the states {⊗
K
|nK, NK − nK〉K} are orthonormal, Eq.
(13) has the form of a generalized Schmidt decompo-
sition. For two output modes, we recover the stan-
dard Schmidt decomposition, which appeared in the main
text.
To get the multipartition form in the N -particle basis,
we use the trick of continually splitting a single-partition
into two parts. Suppose we want to partition the N parti-
cles in the initial state |n,N − n〉
A
into groups containing
Nα, Nβ, Nγ , . . . , Nζ . Without loss of generality, we form
a bipartition of the first Nα particles and the remaining
Nα = N −Nα. By the bipartite decomposition, Eq. (4),
we have
|n,N − n〉
A
=
1√(
N
n
) ∑
nα+nα=n
[S |vnα〉] [S |vnα〉] , (14)
where |vnα〉 = |0〉1 . . . |0〉nα |1〉nα+1 . . . |1〉Nα , and |vnα〉
has an analogous form. Rewriting the state S |vnα〉 in sec-
ond quantized form, it becomes
√(
Nα
nα
) |nα, Nα − nα〉α.
The second partition can now be further subdivided
into two parts, containing Nβ and Nβ = N − Nα − Nβ
particles. Continuing in this way, and rewriting each par-
tition in second quantization, we end up with
|φin〉A =
∑
nα+···+nζ=n
√√√√(Nαnα) . . . (Nζnζ )(
N
n
) ⊗
κ
|nκ, Nκ − nκ〉κ , (15)
which is in one-to-one corresondence to the multimode
split state in Eq. (13) when (NA, . . . , NZ) is some per-
mutation of (Nα, . . . , Nζ). Thus, an arbitrary multi-
mode transformation of the form aˆ†iK →
∑
L
αK,Laˆ
†
iL,
7k = 0, 1, will lead to states which are algebraically equiv-
alent to their single-mode multi-particle counterparts.
These transformations, familiar from optics, are passive
linear optical networks with no polarization dependence.
Appendix 2: Mode-mixing conditions in particle
basis
In this section, we present an alternate version of The-
orem 1, where the conditions are instead defined relative
to the N -particle state space. This framework might be
more familiar in some cold atoms settings than the cre-
ation/annihilation operator picture. In either case, the
conditions are intuitively the same. To begin, the N -
particle basis states on the input and output spaces will
be denoted by
|i;K〉 := |i1;K1〉1 |i2;K2〉2 . . . |iN ;KN 〉N (16)
where ip ∈ {0, 1} is the pth entry of i, labeling the inter-
nal state of particle p. Similarly,Kp is the pth entry ofK,
labeling the external mode which particle p occupies. For
pre-mixing states, Kp ∈ {A,B}; for post-mixing states,
Kp ∈ {C,D}.
Intuitively, we begin with the same operational re-
quirements as before, namely that the operation pre-
serves particle numbers and does not excite the sys-
tem. Particle preservation is captured simply by requir-
ing that the operator M maps between the N -particle
state spaces Hin = span{|i;K〉 | Kp ∈ {A,B} ∀ p}
and Hout = span{|i;K〉 | Kp ∈ {C,D} ∀ p}. For (de-
)excitation, we define the local operators σˆ±p on particle
p by
σˆ+p |i;K〉 =δip,0
∣∣ip+;K〉 , (17)
σˆ−p |i;K〉 =δip,1
∣∣ip−;K〉 , (18)
where the pth element of ip± is ip ± 1 and all others are
the same as in i. If we demand that M commutes with
both σˆ+p and σˆ
−
p for every p, we can straightforwardly
derive the following set of conditions, which hold for all
i, j,K,L:
〈i;K|M |j;L〉 =


〈ip+;K|M |jp+;L〉 if ip = 0, jp = 0
0 if ip = 0, jp = 1
0 if ip = 1, jp = 0
.
(19)
These are actually quite stringent conditions. They
tell us that M must have a local block-diagonal structure
with respect to the N -particle state space:
M =
N⊗
p=1
M (p), (20)
M (p) =
∑
i=0,1
∑
K=C,D
∑
L=A,B
C
(p)
KL
|i;K〉〈i;L| . (21)
Thus, M simply maps particle p from mode L = A,B
to mode K = C,D with amplitude C
(p)
KL
, without con-
sidering nor changing its internal state. Even more, if
the particles are truly identical, there can be no depen-
dence on the pseudo-label p, so in fact, we must have
C
(p)
KL
= CKL and M = [M
(1)]⊗N .
Theorem 1a. Let M : Hin → Hout and let NA +
NB = NC + ND = N . If
[
M, σˆ+p
]
=
[
M, σˆ−p
]
=
0 ∀ p, then M has the effect M |n,N − n〉(NA,NB) =∑
NC+ND=N
C{N} |n,N − n〉(NC,ND) ∀ n, where each
C{N} ∈ C.
Proof: First fix the number combination {N} and
consider the collective excitation operator Jˆ+ :=∑N
p=1 σˆ
+
p . On two-mode symmetric states, for any local
particle numbers (NX , NY ), Jˆ
+ has the following effect:
Jˆ+ |n,NXY − n〉(NX ,NY ) =√
n(NXY − n+ 1) |n− 1, NXY − n+ 1〉(NX ,NY ) .
(22)
Since M commutes with each σˆ+p , it will also commute
with Jˆ+. Similar to Theorem 1, we can directly work out
a recurrence relation on the matrix elements M
{N}
mn (cf.
Eq. (5)):
M
{N}
m+1,n+1 = M
{N}
m,n
√
(n+ 1)(N − n)
(m+ 1)(N −m) . (23)
Furthermore, M will also commute with the operator
nˆ0 =
∑N
p=1 σˆ
−
p σˆ
+
p , which has the effect
nˆ0 |n,NXY − n〉(NX ,NY ) = n |n,NXY − n〉(NX ,NY ) .
(24)
This implies that
M{N}mn (m− n) = 0, (25)
hence, M{N} is diagonal. Considering the recurrence re-
lation (23), we conclude that M{N} must be a multiple
of the identity:
M{N}mn = C{N}δmn. (26)
For non-fixed bipartition sizes, we will instead have the
general form M =
∑
{N}M
{N} with M{N} as above.
Thus, M carries out the desired transformation. 
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